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Abstract
We are interested in studying the contributions of the physical parameters of materials to the emissivity of random rough surfaces
for both transverse electric and transverse magnetic waves. Comparisons between the surface impedance boundary condition
(SIBC) and the exact results are presented. The effects of the incident angle, the material surfaces and random roughness on the
directional emissivity are quantified. The contributions of the effects to the emissivity are used to investigate the domains of
validity of the approximate model.
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1. Introduction
The directional scattering distribution from rough surfaces is of interest in many engineering disciplines. The
radiative properties can be quantified by a number of exact and approximate methods. The exact methods provide
rigorous solutions through recent advances in numerical methods. The approximate methods, like the geometric
optics, Fresnel and the Kirchhoff approximations are computationally less expensive than the exact methods. The
range of validity of the approximative models is of interest to many researches [1-5]. The mathematical complexity
of many problems in the theory of wave scattering from a metal obstacle is appreciably reduced if the metal is
perfectly conducting [5]. For some metals used in optics which are characterized by the finite conductivity, such as
Al, W and Au, problems treated using the exact methods usually require large amounts of numerical calculations
and the use of sophisticated computer codes. Integral methods based on the electromagnetic theory solve Maxwell’s
equations at each side of the boundary and the magnetic field H. For the finite conductivity metal the exact methods
are very computationally intensive. The scattering problems can also be solved if the relation between the tangential
components of the fields E// and H// along the interface is known. The theory is applied to the derivation of a surface
impedance condition [6]. The surface impedance Z0 which is constant along the surface is replaced by a point–
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depending surface impedance Z(x). If Z is known the fields outside the scatter can be found without solving
Maxwell’s equation inside it. The approximation model was used to calculate the efficiency of metallic diffraction
grating [7-9].
In this paper, we will consider a one-dimensional random rough surface. The random rough surface is
characterized by the correlation length τ and the rms deviation σ . The directional emissivity from a material
surface is the radiation property of interest. The influence of roughness, the incident angle and surface materials on
surface emission are interested for both transverse electric polarization (TE) and transverse magnetic polarization
(TM). The SIBC solutions are compared with the Monte-Carlo solutions for the [10], and the regions of validity of
both approximations are discussed.
2. INTEGRAL FORMALISM FOR ROUGH SURFACES
The scattering problem considered here is schematized in Fig. 1. The boundary  between medium 1(vacuum) and
medium 2 (metal) is denoted by the function ).x(hz =
Let ( ) tjez,xU ω− represent the electric field or the magnetic field. The incident field is:
( )00inc coszsinxjkexp)z,x(U θ−θ= , λπ= 2k . (1)
The total field ( )z,xUS satisfies the Helmholtz wave equations:
( ) ( ) ),x(hz0z,xUk S22 >=+∇ + in the air zone, (2a)
( ) ( ) ),x(hz0z,xUk S222 <=ε+∇ + in the metal zone. (2b)
It satisfies the radiation conditions at ±∞→z
( ) ,wavesgoingoutz,xUS →∞±→+
and the following boundary conditions at  :
( ) ),z,x(Uz,xU −+ = (3a)
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∂
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where∂ ∂n Indicates the normal derivative, and C is a constant equal to 1 (TE) or ε (TM).
By using the Green’s second theorem and boundary conditions we can derive the integral equations for the scattered
electromagnetic field. This field is expressed in terms of the unknown field and its normal derivative (source
functions); these functions are defined in vacuum on the boundary (P) as following:
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-for TE polarization case
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From integral equations giving a field at any point M(x, z), we can obtain the source functions.
A numerical method used to solve these equations, as described in references [11, 12], consists to convert the
infinite systems of integral equations into two a finite systems of linear equations as follows [12].
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Fig 1: Scattered electromagnetic waves.
3. CURVATURE DEPENDENT SURFACE IMPEDANCE BOUNDARY CONDITION
Some metals used in optics, such as Al, Ag, and Au have a high conductivity. Although when the values of the
refraction index of the metals increase, that yield the integration of the equations 4 and 5 very hard because of the
appearance of the term *n on the argument of the Hunkel function. This problem can also be solved if the relation
between the tangential components of the fields //E and //H along the surface is known. In this second approach
Maxwell’s boundary conditions are replaced by a boundary condition of the form:
( ) .0)ZRe(,HxnZE //// >=  (6)
where n

is a normal unit vector pointing towards the exterior of the scatter and Z is a second rank tensor called the
surface impedance tensor. If Z is known the fields outside the scattered can be found without solving Maxwell’s
equation inside it.
Using the boundary conditions (equations 3a -3b) and the equation (6), the surface impedance is:
dn
)x(dE
)x(E
i
kZTE = . (7a)
By using the definition of F given by the equation (5b), we get
)x(F
)x(E
i
kZTE
γ
= , .)x('h1 2+=γ (7b)
In the TM polarization, we get:
.))x(h,x(H
dn
))x(h,x(dH
k
iZTM = (8a)
By using the definition of F given by the equation (4b), we get
)x(H
)x(L
k
iZTM γ= . (8b)
We define two operators (G and N) associated to the Green function and its normal derivative respectively. The
application of such operators to the function φ is represented as:

+∞
∞−
φ=φ 'dx)'x()'x,x(G)(G and .'dx)'x(
dn
)'x,x(dG)(N 
+∞
∞−
φ=φ (9)
Using the delta family as ∞→*n the kernel )'x,x(G tends to a delta function )(G φ can be approximated in the
following way:
.'dx)'x,x(G)x()(G 
+∞
∞−
φ≈φ (10)
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In the approximation it is found that the operators G and N tend towards multiplicative operators [7-9, 13] so that:
)x(nki2
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)x(
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kn4
i)(N 3* γ
φ
≈φ (11)
When the above relations are introduced into the integral equations [13] we get:
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ρ is the radius of curvature of the random rough surface z=h(x),
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By using the equations (11a) and (11b) the surface impedance become:
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Where *n/1Z0 = is the constant value obtained for flat boundary [14].
The surface radiative properties are defined in reference [5].
4. RESULTS AND DISCUSSION
Figs. 2 show curves displaying the emissivity ∩ε′ versus the ratio λτ at normal incidence ).0( °=θ It is seen
that the curves obtained by the SIBC method has the same horizontal asymptotic behavior for both materials. The
horizontal asymptote is defined by the value of the emissivity of a flat surface given by using the Fresnel formula
[5]. Figs. 2(a) and 2(b) show the emissivity for an rms deviation equal to λ of a gold and tungsten RRS. For the
roughness the behavior of the TE-polarized emissivity is the same for the two surface materials (Au and W). But for
random rough surfaces the behavior of the TM-polarized emissivity is not the same. Fig. 1 (a) shows the resonance
region for gold RRS in TM polarization, defined by the ratio λτ / varying from 2 to 6 approximately, and a peak of
emissivity due to the emission mediated by surface Plasmon [16]. The phenomenon treated in Ref. 17, showed that
two different peaks appeared on the emissivity.
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Fig 2: Effect of materials to the emissivity of random rough surfaces, at normal incidence ( °=θ 00 ).
Parameters: m55.0 μ=λ , optical constants of gold: 4.0n = and 45.2=χ , optical constants of tungsten: 5.3n =
and .7.2=χ
For figs. 3 and 4, the random rough surfaces are characterized by the same correlation length m1 μ=τ , the range of
rms roughness to wavelength ratios is from .7.0to0/ =λσ A comparison of the approximate model (SIBC) with
the exact model of the directional emissivity at two incident angles, °=θ 00 and °=θ 300 , for a two conductor
materials, tungsten (W) and aluminium (Al) are presented. The wavelength for the tungsten is m55.0 μ=λ and for
the aluminium is m1μ=λ , with the optical constants equal to 5.3n = and ,7.2=χ and 35.1n = and 58.9=χ
respectively.
For the conductor material aluminium, figs. 3 shows that for the incidence angle 0°, the approximate method (SIBC)
and the exact method are in good agreement for the TM and TE polarization cases if the ratio λσ is less than 0.3
and 0.2 respectively. For the incident angle 30°, for all values of the rms deviation, it’s noticed that the approximate
method SIBC is valid for the TM polarization case, but is not valid for the TE polarization case.
For the tungsten conductor at incident angle 0° (figs 4e and f) the approximate method and the exact method are in
good agreement if the ratio λσ is less than 0.3 with an error less than 7.29 % for the TM polarization case. The
SIBC is considered valid only for λσ less than 0.2 with an error not beyond 9.72 %. At incident angle 30°, for the
TM polarization the SIBC is in good agreement for the rms deviation less than λ3.0 with an error limited by the
value equal to 6.1 %. At the same incident angle for the TE polarization case it is necessary to use an exact method
because the approximate method is not in good agreement for all values of rms deviation (fig. 4h).
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Fig 3: Comparison of directional emissivities solutions for aluminium random rough surfaces, at °=θ 00 versus the ratio λσ , for the exact
method and the surface impedance boundary condition approximation. (a) and (c): TM polarization, (b) and (d): TE polarization.
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Fig 4: Comparison of directional emissivities solutions for aluminium random rough surfaces, at °=θ 00 versus the ratio λσ , for the exact
method and the surface impedance boundary condition approximation. (e) and (g): TM polarization, (f) and (h): TE polarization.
CONCLUSION
A comparison between the exact method and the approximate method for the emissivity of the finite conductivity
random rough surfaces has been presented. The effects of the incident angle, the rms deviation versus the
wavelength and the physical parameters to the validity of the method called the surface impedance boundary
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condition are discussed. The regions of validity depend on the polarization, the incident angle and the index of
refraction of the conductor. The domains of validity are more extended for TM than the TE polarization and for the
aluminium than the tungsten. The approximate method is valid when the rms deviation is less than λ2.0 at incident
angle 0° for both TE and TM, but at incident angle 30° for all values of the rms deviation, it’s remarked that the
approximate method SIBC is valid for the TM polarization case, but is not for the TE polarization case.
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